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a b s t r a c t
A finite-difference method of numerical simulation of sonic logging has been developed
and implemented. The very general statement is considered: the surrounding medium
is allowed to be 3D heterogeneous and a source can be located at any point inside or
outside the well. To provide a maximally precise description of the sharpest interface of
the problem, the interface between thewell and surrounding formations,weuse cylindrical
coordinates with the axis directed along the well. In order to avoid an excessive azimuth
inflation of grid cells with an increase of radius we perform periodical refinement of the
grid step in the azimuth direction. In order to truncate the area of computations, Perfectly
Matched Layer (PML) for cylindrical coordinates is developed and implemented. Its main
advantage in comparison with other approaches is an extremely low level of artificial
reflections and the absence of necessity to perform splitting of variables in the azimuth
direction.
Based on this numerical method, a software oriented for the use of parallel compu-
tations is developed and implemented under Message Passing Interface Library. Results
of numerical experiments for a well with completion embedded within layered elastic
background with a vertical planar crack are presented and discussed.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The full wave acoustic logs are very important borehole measurements providing the knowledge of physical properties
of the surrounding rocks. These properties are of great importance for geological characterization of adjacent rocks and
monitoring of the reservoir exploration. Historically, acoustic logs have been based on the use of axially symmetric, or
monopole, wave phenomena in a fluid-filled borehole [1]. Thereafter, many authors made contributions to the analysis
of this problem. Now the common knowledge is that the borehole acoustic logging waveforms consist largely of guided
wave modes, such as Stonely and pseudo-Rayleigh waves for monopole sources, the flexural waves for dipole sources [2]
and screwwaves for quadrupole sources [3]. In addition to these guided modes, waveforms may contain the compressional
(P) and shear (S) head waves propagating along a borehole wall.
However such analysis still does not allow a comprehensive description of waveforms without axial symmetry.
Meanwhile, recently the logging tools based on excitation and reception of non-axially symmetric waves have been
developed and used for exploring the near borehole media [4]. Moreover, nowadays inclined and horizontal wells have
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become widespread and attract a great interest to measurements in the 3D heterogeneous media, where sonic waves never
possess any axial symmetry.
Nowadays, the availability of advanced high performance computersmade it possible to proceed to the study of full wave
fields, which are generated during acoustic logging for an arbitrary 3D heterogeneous case. This task has some peculiarities
which cause significant troubles in the development of effective numerical methods and algorithms for its solution.
Themain peculiarity of the problem is its multiscale nature. Actually, even in a simplest case of open (uncased) borehole,
there are two main scales: a well diameter which is typically about 0.1–0.2 m, and a largest source-to-receiver distance,
which could reach 10–12 m. For a well with completion (a cased well) one should take into consideration a steel pipe
and a casing wall which isolate a fluid-filled well from the adjacent rocks. Their width is only a few centimeters and
represent the third scale of the problem. The fourth scale can occur from the adjacent rocks if sonic logging is performed in
cracked/fractured/porous media.
Another specific feature of the problem is concentration of the main energy of waves within some close vicinity of
a borehole. They do not penetrate into surrounding media in radial direction for a distance exceeding a few dominant
wavelengths, that is, about 1.0–1.5 m. Thus, it is natural to reduce an area of computations to these distances in radial
direction. This truncation should be done in amanner that would not lead to the numerical reflections because of artificially
introduced boundaries. For the time being, the usual way to avoid this artifact is to surround the target area by Perfectly
Matched Layer—the PML. Originally, the PML was developed for the Maxwell equations in [5], later on, it was extended to
the elastic wave equation for both Cartesian [6–8] and cylindrical coordinates [9,10]. Below the version of PML developed
in [9] for axisymmetric problem, is modified and applied for general 3D heterogeneous elastic media.
2. Statement of problem
The main essence of this paper is the finite-difference simulation of a sonic log in the 3D heterogeneous elastic media.
The propagation of seismoacoustic waves in a heterogeneous medium is described by an initial boundary value problem
for t-hyperbolic system of partial differential equations of first order for the velocities Eu = (ur , uϕ, uz)T and the stresses
Eσ = (σrr , σϕϕ, σzz, σrϕ, σϕz, σrz)T. In the cylindrical coordinates, these equations can be written down in a matrix form as
follows:
ρ
∂Eu
∂t
= A∂ Eσ
∂r
+ 1
r
B
∂ Eσ
∂ϕ
+ C ∂ Eσ
∂z
+ 1
r
(A− D)Eσ + EF(r, ϕ, z; t), (1)
M
∂ Eσ
∂t
= AT ∂Eu
∂r
+ 1
r
BT
∂Eu
∂ϕ
+ CT ∂Eu
∂z
+ 1
r
DTEu+ EG(r, ϕ, z; t). (2)
The functions F and G specify the type of a source. The matrices A, B, C,D andM are given as follows:
A =
(1 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1
)
; B =
(0 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 1 0
)
; C =
(0 0 0 0 0 1
0 0 0 0 1 0
0 0 1 0 0 0
)
;
D =

0 0 0
1 0 0
0 0 0
0 −1 0
0 0 0
0 0 0

T
; M = 1
µ

λ+ µ
3λ+ 2µ
−λ
2(3λ+ 2µ)
−λ
2(3λ+ 2µ) 0 0 0
−λ
2(3λ+ 2µ)
λ+ µ
3λ+ 2µ
−λ
2(3λ+ 2µ) 0 0 0
−λ
2(3λ+ 2µ)
−λ
2(3λ+ 2µ)
λ+ µ
3λ+ 2µ 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

.
For convenience of a finite-difference approximation, we use the same equations to describe wave processes both in elastic
media and in the fluid.1 To this end it is assumed that the shear modulus in fluidµ = 0; in this case, tangential components
of the stress tensor turn to zero. In order to have initial conditions we assume that there is no motion at all of a medium
before the initial time:
Eu∣∣t=0 = 0; Eσ |t=0 = 0;
1 This is possible for ideal fluids without viscosity only.
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3. Finite-difference approximation
For the spatial approximation of initial boundary value problem (1) and (2), a staggered grid in space and in time is used.
Values of the medium parameters are assigned to the central point of the stencil:
ρi+ 12 ,jl = ρ
((
i+ 1
2
)
hr , jhϕ, lhz
)
; λi+ 12 ,jl = λ
((
i+ 1
2
)
hr , jhϕ, lhz
)
;
µi+ 12 ,jl = µ
((
i+ 1
2
)
hr , jhϕ, lhz
)
.
Unknown variables are assigned to different nodes of the stencil and correspond to different layers of time. Components of
the velocity vector are taken at half-integer layers with respect to time and are assigned to the centers of the corresponding
faces:
(ur)
k+ 12
ijl = ur
((
k+ 1
2
)
τ , ihr , jhϕ, lhz
)
;
(uz)
k+ 12
i+ 12 ,j,l+ 12
= uz
((
k+ 1
2
)
τ ,
(
i+ 1
2
)
hr , jhϕ,
(
l+ 1
2
)
hz
)
;
(uϕ)
k+ 12
i+ 12 ,j+ 12 ,l
= uϕ
((
k+ 1
2
)
τ ,
(
i+ 1
2
)
hr ,
(
j+ 1
2
)
hϕ, lhz
)
.
The stress tensor components are taken at the integer layers with respect to time. All diagonal components are assigned to
the central point of the stencil, i.e. to the point, where the medium parameters are attached to:
(σrr)
k
i+ 12 ,jl
= σrr
(
kτ ,
(
i+ 1
2
)
hr , jhϕ, lhz
)
;
(σzz)
k
i+ 12 ,jl
= σzz
(
kτ ,
(
i+ 1
2
)
hr , jhϕ, lhz
)
;
(σϕϕ)
k
i+ 12 ,jl
= σϕϕ
(
kτ ,
(
i+ 1
2
)
hr , jhϕ, lhz
)
.
The off diagonal components of the stress tensor are taken at the centers of the corresponding edges:
(σrϕ)
k
i,j+ 12 ,l
= σrϕ
(
kτ , ihr ,
(
j+ 1
2
)
hϕ, lhz
)
;
(σrz)
k
i,j,l+ 12
= σrz
(
kτ , ihr , hϕ,
(
l+ 1
2
)
hz
)
;
(σϕz)
k
i+ 12 ,j+ 12 ,l+ 12
= σrϕ
(
kτ ,
(
i+ 1
2
)
hr ,
(
j+ 1
2
)
hϕ,
(
l+ 1
2
)
hz
)
.
As shown in [11], this provides one with the second order of approximation in space and in time for homogeneous media.
However, for media with a significant spatial variation of parameters (e.g., along the well surface), the straightforward
application of this stencil does not ensure the required accuracy. To provide it, one should apply the balance method (cited
also as integro-interpolation method) described, in particular, in [12], which will bring about the use of special coefficients
of a finite-difference scheme.
Particular efforts we had to apply in order to compensate a specific property of grids in cylindrical coordinates: a linear
inflation of a grid cell in the azimuth direction as far as a radius r increases. As a result, the quality of spatial approximation of
initial boundary value problem (1) and (2) for the 3D heterogeneousmedia at remote distances from thewell axis essentially
worsens. In order to overcome this troublewehalve the azimuth step hϕ each time as soon as the radius r is doubled (Fig. 1(a),
(b)). But this refinement causes the necessity to fit a coarse (Grid A) and a refined (Grid B) grids. It is worth to mention
that the mutual location of the nodes, which have integer azimuth coordinates (Fig. 1(a)), notably differs from the mutual
location of the nodes with half-integer coordinates (Fig. 1(b)). Therefore, in order to perform transition from Grid A to Grid
B, it is necessary to interpolate unknown variables to be able to use the values attached to the nodes marked as circles for
determination of values in the nodes marked as diamonds. It is necessary to stress that for retaining the second order of
approximation of the problem, this interpolation should be at least of the third order of accuracy. Moreover, this procedure
should be performed at each time step, which imposes rather strict requirements on the interpolation capacity.
We propose to use an interpolation procedure based on the application of the fast Fourier transform [13] as the most
suitable in these circumstances. Naturally, a 2pi t-periodicity of all variables of the problem with respect to the azimuth
ensures the exponential accuracy of this interpolation procedure, whilst its operating speed in case when a number of
nodes is equal to 2N , is unbeatable. Interpolation procedure, which is based on applying the Fast Fourier Transform (FFT), is
executed in three steps:
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Line of azimuth grid step
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Fig. 1. Refinement of the azimuth grid step with increasing radius. The mutual disposition of unknown variables on coarse (A) and refined (B) grids are
presented. One can see unknowns assigned to integer (a) and half-integer (b) indices in azimuth direction. Circles indicate known values, diamonds—values
to be interpolated.
• Direct FFT of the initial array comprising 2N elements;
• Replenishment of an array with a required number of zeros to obtain an array of 2N+1 elements;
• Inverse FFT of this array.
4. A perfectly matched layer for cylindrical coordinates
Acoustic waves generated by any borehole source penetrate into and interact with a surroundingmedium and bring back
to receivers some ‘‘knowledge’’ about the adjacent rocks. It should be stressed that themain essence of borehole observations
is to acquire this knowledge. Hence, in the numerical simulation, the target area should contain not awell and its completion
only, but cover the adjacent rocks as well. At the same time, simulation should be implemented for a bounded area and,
therefore, one should introduce some artificial spatial boundaries. However, these boundaries will result in the occurrence
of apparent reflected waves, which are not associated with the medium structure. In order to minimize these artifacts, we
use a specially designed layer surrounding the simulation area—widely known as Perfectly Matched Layer (PML). Equations
inside this layer are somewhat modified to provide the exponential wave attenuation on the one hand, and not to generate
any significant reflections at its interface with the target area on the other hand. It should be stressed that equations inside
the PML do not correspond to any real physical medium. Their only destination is to provide wave attenuation in order to
weaken artificial reflections on the exterior boundaries surrounding the area of computations.
Since simulation is performed in cylindrical coordinates, the PML should be implemented for this coordinates as well. In
this case we modify the PML developed in [9] for an axisymmetric statement. A similar approach in polar coordinates for a
2D system of the Maxwell equations was implemented in [14].
Let us take a target area inside a circular cylinder r ≤ r0 with no sources outside it. We will suppose also that there are
no heterogeneities outside this cylinder as well. The PML will be introduced in the exterior of the cylinder with a radius
R0 > r0. For this purpose, let us consider the elastic wave equations in the time frequency domain:
−iρωEU = A∂ EΣ
∂r
+ 1
r
B
∂ EΣ
∂ϕ
+ C ∂ EΣ
∂z
+ 1
r
(A− D) EΣ,
−iρωM EΣ = AT ∂ EU
∂r
+ 1
r
BT
∂ EU
∂ϕ
+ CT ∂ EU
∂z
+ 1
r
(AT − DT)EU,
(3)
where EU and EΣ mean Fourier transforms of the velocity Eu and the stress Eσ . Of all possible solutions to these equations, we
will be interested only in those, which describe the waves propagating to infinity.
In order to introduce the PML, Eqs. (3) at R0 > r0 need to be transformed in a way so that the waves going to infinity
would exponentially attenuate. For this reason, like in Cartesian coordinates, let us introduce a complex radius
r˜ =
r +
i
ω
∫ r
R0
α(ξ)dξ = r + i
ω
β(r), r ≥ R0
r, r0 ≤ r ≤ R0.
(4)
Here, α(r) ≥ 0 is taken as a three times continuously differentiable, monotonically increasing function satisfying the
boundary conditions
α(R0) = α′(R0) = α′′(R0) = α′′′(R0) = 0.
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Hence,
dr˜
dr
=
{
1+ iα(r)
ω
, r ≥ R0
1, r0 ≤ r ≤ R0.
Taking into account relation (4), elastic wave equations in terms of a real radius r can be rewritten down as:
−iρωEU = A∂ EΣ
∂r
(
1+ iα(r)
ω
)−1
+ 1
r
(
B
∂ EΣ
∂ϕ
+ (A− D) EΣ
)(
1+ iβ(r)
rω
)−1
+ C ∂ EΣ
∂z
;
−iρωM EΣ = AT ∂ EU
∂r
(
1+ iα(r)
ω
)−1
+ 1
r
(
BT
∂ EU
∂ϕ
+ (AT − DT)EU
)(
1+ iβ(r)
rω
)−1
+ CT ∂ EU
∂z
.
In order to come back to the time domain for r ≥ R0 let us represent unknown variables EU and EΣ as superposition of
two constituents—‘‘parallel’’ and ‘‘perpendicular’’:
EU = EU‖ + EU⊥; EΣ = EΣ‖ + EΣ⊥
and search each of them as a solution of the following system:
−iρωEU II = C ∂ EΣ
∂z
;
ρ(−iω + α)EU⊥ = A∂ EΣ
∂r
+ −iω + α(r)−irω + β(r)
(
B
∂ EΣ
∂ϕ
+ (A− D) EΣ
)
B
∂ EΣ
∂ϕ
;
−iρω EΣ II = CT ∂ EU
∂z
;
ρ(−iω + α) EΣ⊥ = AT ∂ EU
∂r
+ −iω + α(r)−iωr + β(r)
(
BT
∂Eu
∂ϕ
+ (AT − DT)Eu
)
;
or, in the time domain (r ≥ R0):
ρ
∂EuII
∂t
= C ∂ Eσ
∂z
;
ρ
(
∂
∂t
+ α
)
Eu⊥ = A∂ Eσ
∂r
+ 1
r
B
∂ E˜σ
∂ϕ
+ (A− D) E˜σ
r
;
ρ
∂ Eσ II
∂t
II
= CT ∂Eu
∂z
;
ρ
(
∂
∂t
+ α
)
Eσ⊥ = AT ∂Eu
∂r
+ 1
r
BT
∂ E˜u
∂ϕ
+ (AT − DT) E˜u
r
;
Eu = EuII + u⊥; Eσ = Eσ II + Eσ⊥;
The tilde-marked values are computed as solutions to the ordinary differential equations:
dE˜u
dt
+ β(r)
r
E˜u = dEu
dt
+ α(r)Eu; d E˜σ
dt
+ β(r)
r
E˜σ = d E˜σ
dt
+ α(r)Eσ
with zero Cauchy data.
As though the solution inside the PML attenuates exponentially, it does not matter what kind of conditions are used at its
outer boundary r = R1 > R0 if only they lead to a well-posed problem. The occurring reflected waves being that emerged
there have rather a small intensity and attenuate still stronger when traveling back towards the target area.
5. Numerical experiments: Description and discussions
A series of numerical experiments have been implemented for a range of source frequencies, positions and models of
a well completion and surrounding elastic media. For illustration let us consider the model with well a completion and a
vertical crack presented in Fig. 2.
A detailed structure of the model is in the following (numbers coincide with those presented in Fig. 2(a)):
(1) Vertical borehole with a radius 0.1 m is filled with mud with Vp = 1500 m/s, % = 1000 kg/m3;
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Fig. 2. (a) Vertical cross-section of the model; (b) Horizontal cross-section of the model; (c) Zoomed version of horizontal cross-section.
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Fig. 3. Snapshots of propagation through the model difference of σrr for the models with and without crack. One can clearly see the influence of the crack.
Red lines—borehole projection, black lines—interface of the layers, blue lines—projection of the crack. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
(2) There is a steel tube encircling borehole; its width is equal to 0.01 m, wave propagation velocities Vp = 5600 m/s,
Vs = 3270 m/s, % = 7830 kg/m3;
(3) The casing around a steel tube; its width is equal to 0.04 m, its elastic parameters are the following: Vp = 4200 m/s,
Vs = 2425 m/s, % = 2400 kg/m3;
(4) Background—a homogeneous viscoelastic layer with wave propagation velocities Vp = 4989 m/s, Vs = 2605 m/s,
% = 2400 kg/m3;
(5) Background—a homogeneous viscoelastic layer with wave propagation velocities Vp = 3208 m/s, Vs = 1604 m/s,
% = 2400 kg/m3;
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(6) Background—a homogeneous viscoelastic layer with wave propagation velocities Vp = 2650 m/s, Vs = 1219 m/s,
% = 2400 kg/m3;
(7) A vertical crack starts at r = 0.18m and finishes at r = 0.55m, with 0.02 m of width (see images (b) and (c)) filled with
the same mud as a borehole: Vp = 1500 m/s, % = 1000 kg/m3.
In Fig. 3 we represent a series of snapshots, which represent a difference in diagonal components of the stress tensor σrr
computed for the adjacent rocks with andwithout background. One can clear see that themain energy of a residual remains
concentrated within the crack itself and almost does not penetrate back to the well, but propagates along the crack.
6. Conclusion
The current version of the developed numerical method and the software implemented on this basis software for
simulation of a sonic log in the 3Dheterogeneousmedia allowsus to study in greater detail the propagation of seismoacoustic
waves for realisticmodels ofmedia andwell completion. Of course, this version is not perfect and should be further improved
and developed. In particular, one of the most challenging problems is simulation for the media with microstructures like
fractures, caverns, pores and so on. In order to do this with reasonable computer costs one should be able to refine a spatial
grid locally, within the areas of interest only. Themain trouble here is artificial reflections due to refinement. At themoment
we know how to avoid them under refinement with respect to the azimuth only, and our immediate task is to develop
approaches to implementation of refinement in two other directions with negligible level of artifacts.
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